Abstract. This paper studies the utility maximization problem on consumption with addictive habit formation in the markets with proportional transaction costs and unbounded random endowment. To model the proportional transaction costs, we adopt the Kabanov's multi-asset framework with a cash account. At the terminal time t = T , the investor can receive an unbounded random endowment for which we propose a new definition of acceptable portfolio processes depending on the strictly consistent price system (SCPS). We prove a type of super-hedging theorem for a family of workable contingent claims using the acceptable portfolios which enables us to obtain the consumption budget constraint result under the market frictions. Following similar ideas of [24] with the path dependence reduction and the embedding approach, the existence and uniqueness of the optimal consumption are proved using the auxiliary primal and dual processes and the convex duality analysis.
Introduction
The study of consumption habit formation in modern economics dates back to [12] and [20] . It has been observed that the habit formation preference can reconcile the well-known magnitude of the equity premium (See [18] and [4] ). This time non-separable preference is defined by E[ T 0 U (t, c t − F (c) t )dt], where U : [0, T ]×(0, ∞) → R. The accumulative process F (c) t , called the habit formation or the standard of living process, describes the consumption history impact. The conventional definition (see [8] and [9] ) of F (c) t follows the recursive equation dF (c) t = (δ t c t − α t F (c) t )dt,
where the discounting factors α t and δ t are assumed to be non-negative optional processes and the given real number z ≥ 0 is called the initial habit. In the present paper, the consumption habits are assumed to be addictive in the sense that c t ≥ F (c) t for all time t ∈ [0, T ]. Due to its time non-separable structure, a small change in c t can cause large fluctuation in consumption net of the subsistence level, which may explain the sizable excess returns on risky assets in equilibrium models. Recent literature studied this path-dependent preference extensively as the new economic paradigm, see among [2] , [8] , [9] , [22] , [10] [19] and [23] .
In the general incomplete semimartingale markets, [24] recently proved the existence and uniqueness of the optimal solution using convex duality approach. In [24] , the path dependence can be reduced by introducing the auxiliary primal space as well as the auxiliary dual space. However, the stochastic factors α t and δ t appeared as the shadow random endowment in the formulation of the auxiliary optimization problem. In addition, in virtue of the case when α and δ are unbounded, the auxiliary dual process can not be guaranteed to be integrable. By making the asymptotic growth assumption of the utility function at both x → 0 and x → ∞, [24] managed to modify the classical proofs in [13] in a delicate way to deal with the shadow random endowment.
In the presence of transaction costs, the research on existence and uniqueness of optimal consumption with habit formation is still an open problem from the literature. Therefore we aim to build the first general result using convex duality analysis. As the first step, the classical consumption budget constraint result can not be taken as granted since the optional decomposition theorem is missing in our framework. To this end, the proper definition of working portfolios and a type of super-hedging theorem become crucial. We shall follow Kabanov's multi-asset market model in which the proportional transaction costs are modeled via a nonnegative matrix with a cash account. The investor can choose the consumption from the cash account and at the terminal time t = T , the investor will receive an unbounded random payoff from some contingent claims. The conventional admissible portfolio with transaction costs is defined carefully based on the solvency cones and the SCPS, see [15] , [16] and [3] and the numérare-based version by [11] . In the existing literature, one critical condition is that the admissible portfolio process is bounded from below by a constant. Under different conditions on the asset and transaction cost processes, some super-replication theorems can be obtained using the corresponding admissible strategies.
However, the definition of admissible portfolios becomes inappropriate when the unbounded random endowment is taken into account. In the market without transaction costs, [13] and [25] used the acceptable portfolio with a process lower bound and proved a type of super-hedging theorem for some workable contingent claims using the acceptable portfolio and the random endowment. The key ingredient in the new definition is that the maximal element in the set of wealth process is a uniformly integrable martingale under the probability measures from a subset of the equivalent local martingale measures. In our framework, one natural way to modify this definition is to consider the maximal element in the set of admissible portfolios with transaction costs as the lower bound. Unfortunately, this result fails in general, see [14] for example in the discrete time setting. If we choose arbitrary process as the lower bounded, the set of the workable contingent claims will no longer be closed. Therefore the choice of a good definition with stochastic process bound is not straight forward under market frictions and it is still absent from the literature.
In this paper, we intend to fill this gap by proposing a new definition of acceptable portfolio processes. Since each SCPS can be equivalently written as a pair of (Q,S) whereS is a local martingale under Q. Despite the stock price process S may not be a semimartingale, eachS is. Hence, we can define the maximal element from the stochastic integrals usingS from SCPS, and apply it as the process lower bound in a proper way for the self-financing portfolios with transaction costs. This definition is expected to be more complicated than the admissible portfolios, however, there are some handy criterions to check whether the portfolio process is acceptable. In addition, we obtain a type of super-hedging theorem for some workable contingent claims. Without consumption behavior, the super-hedging theorem is interesting for its own sake. Using this result, we can also work on the multi-variate wealth utility maximization problem defined on multi-assets with unbounded random endowment, see [1] . And in Assumption 3.2 and Theorem 3.2 of [1] , we can relax the assumption that the random endowment E ∈ L ∞ . In our framework, the consumption budget constraint result becomes a direct consequence of this super-hedging theorem. By introducing the auxiliary primal processc t = c t − F (c) t and auxiliary dual process Γ t defined via the SCPS, we can follow and modify the ideas and proofs in [24] to apply the convex duality approach for an abstract optimization problem. Our general result may also shed some light on the equilibrium theorem for habit formation preference with market frictions.
The rest of the paper is organized as follows: Section 2 introduces the market model with transaction costs and unbounded random endowment, however, without intermediate consumption behavior. We propose the new definition of acceptable portfolio appropriate for market frictions using SCPS. The super-hedging theorem for a family of workable contingent claims is derived. Section 3 is devoted to the case of intermediate consumption with addictive habit formation. To reduce the path dependence, we define the auxiliary primal spaceĀ(x, q, z), the enlarged space A(x, q, z) and the auxiliary dual space M. The original problem is embedded into an abstract time separable optimization problem with the shadow random endowment. In Section 4, we formulate the auxiliary dual problem in which the random endowment can be hidden. We state the main theorem at the end together with detail proofs.
Market Model Without Intermediate Consumption
We consider a financial market with one cash account and d risky assets. The cash account is assumed to satisfy S 0 t ≡ 1, ∀t ∈ [0, T ], which serves as the numéraire. Risky assets are modeled by a d-dimensional strictly positive process S t = (S 1 t , . . . , S d t ) on a given filtered probability space (Ω, F, F = (F t ) 0≤t≤T , P), where the filtration F satisfies the usual conditions. S may not be a semimartingale in general. The maturity time is given by T . To simplify our notation, we take F = F T . Trading the risky assets incurs transaction costs and we define a nonnegative (1 + d) × (1 + d)-matrix Λ = (λ ij ) 0≤i,j≤d with each λ ij ≥ 0 to model the proportional factor of costs one has to pay if exchanging the i-th into the j-th asset. Clearly, we have λ i0 = 0 for any 0 ≤ i ≤ d as S 0 is the cash account. It is natural (see [21] and [3] ) to impose that for 0 ≤ i, j, k ≤ d, we have
The transaction cost coefficients Λ may be constant or may depend on t and ω in an adapted way. In this paper, we assume that the bid-ask process
is càdlàg for all 0 ≤ i, j ≤ d, see [3] . The (1 + d) × (1 + d) matrix Π = (π i,j ) 0≤i,j≤d is called the bid-ask matrix.
We will follow Kabanov's market model, which is centered on the idea of cone-valued processes. The solvency coneK is defined as the convex polyhedral cone in R 1+d spanned by the unit vectors
The convex cone −K should be interpreted as those portfolios available at price zero. A coneK is called proper ifK ∩ (−K) = {0}. In this paper, we shall assume that the conesK t andK t− are proper and contain R 1+d + (efficient friction). In addition, we make the assumption that F T = F T − and Π T = Π T − a.s.. The cones
Given a coneK in R 1+d , its positive polar cone is defined bŷ
with Z 0 0 = 1 is called a numérare-based consistent price system for the transaction costs Λ if Z 0 is a martingale, Z i is a local martingale for i = 1, . . . , d and Z t ∈K * t a.s. for every t ∈ [0, T ]. Moreover, Z will be called a numérare-based strictly consistent price system if for every [0, T ] ∪ {∞}-valued stopping time τ , Z τ ∈ int(K * τ ) a.s. on {τ < ∞} and for every predictable [0, T ] ∪ {∞}-valued stopping time σ, Z σ− ∈ int(K * σ− ) a.s. on {σ < ∞}. The set of all numérare-based consistent price systems (reps. strictly consistent price systems) will be denoted by Z (reap. Z s ). For simplicity, we write (S)CPS to mean numérare-based (strictly) consistent price system.
In this paper, we will make the following standing assumption:
Remark 2.1. Equivalently, each SCPS can be represented by a pair (Q,S) where Q is equivalent to
We introduce the following definitions based on the above equivalent representation
And for each fixed S ∈ S s , we define
Similarly, for each fixedS ∈ S s , we can define
Clearly, indexed byS ∈ S s , Z s (S) can be regarded as a partition of the set Z s and M s (S) = {Q : dQ dP = Z 0 T , where Z ∈ Z s (S)}. We also denote M s S ∈S M s (S) and clearly, it follows that M s = {Q :
From now on, the market is enlarged by allowing trading N European contingent claims at time t = 0 with final cash payoff E T = (E i T ) 1≤i≤N . We denote q = (q i ) 1≤i≤N as static holdings in contingent claims E T . We shall assume that
T may be unbounded, but we make the following assumption on the uniform convergence Assumption 2.2.
T | has the finite superhedging price under SCPS, i.e., sup To deal with unbounded random endowment, the set of admissible portfolios is generally too small and we need to extend this definition to the so called acceptable portfolios allowing the threshold to be a stochastic process in the cash account instead of a fixed constant. To fit into the framework with transaction costs, we need to modify the definition of acceptable portfolio (See [6] and [13] in the frictionless market) by taking into account SCPS. To this end, we recall that eachS ∈ S is a Q-local martingale, therefore,S is a semimartingale under the physical probability measure P. Given the initial wealth a > 0, for each P-semimartingaleS ∈ S s , let X (S, a) be the set of nonnegative wealth processes in theS-market. That is,
A wealth process in X (S, a) is called maximal, denoted by X max,S , if its terminal value X max,S T cannot be dominated by that of any other processes in X (S, a).
Lemma 2.1. Under Assumption 2.2, there exists a constant a > 0 and for eachS ∈ S s , there exists a maximal elementX max,S ∈ X (S, a) such that
Proof. For eachS ∈ S s , Assumption 2.2 implies that a sup
According to the general duality relationships between terminal wealth and equivalent local martingale measures in the frictionless financial market with the stock priceS, it follows that there exists a nonnegative wealth process
Hence the conclusion holds for the existence of a maximal elementX max,S ∈ X (S, a) such that
is called a self-financing portfolio process (see [3] ) in the underlying assets with transaction costs Λ if it satisfies the following properties:
(1) V is predictable and a.e. path has finite variation.
(2) For every pair of stopping times 0 ≤ σ ≤ τ ≤ T , we have
with the bar closure taken in R 1+d for each ω ∈ Ω.
Recall that a self-financing portfolio V is called admissible (numérare-based), see Definition 13 of [11] , if it satisfies the additional property:
T ]-valued stopping time τ and for every SCPS Z ∈ Z s , where0 is the d-dimensional identity vector.
A self-financing portfolio V is called acceptable (numérare-based) if it satisfies the following property (3') There exists a constant a > 0 and for eachS ∈ S, there exists a maximal element
Denote the set of all acceptable dynamic portfolio processes by V acpt and set
for some initial position x ∈ R 1+d .
Remark 2.3. It is clear that every admissible portfolio process is acceptable since each constant a > 0 is a maximal element in X (S, a). To see this, we notice that for eachS ∈ S s , there exists Q ∼ P such thatS is a Q-local martingale. Therefore eachS is a semimartingale and satisfies No Free Lunch with Vanishing Risk condition, see [5] for details. Hence, there is no maximal element in X (S, a) dominating constant a. However, the definition above seems harder to check in general. The more complicated structure of working space is a consequence that the random endowment E T can be unbounded so that the lower bounded in the cash account S 0 has to be relaxed to be a process.
In the following examples, we will provide conditions easy to check such that the self-financing portfolio V is acceptable:
and for all SCPS Z ∈ Z s . Then we can conclude that the self-financing portfolio V is acceptable. To see this, by following the same argument of Lemma 2.1, we get that for eachS ∈ S, there exists a maximal element X max,S ∈ X (S, a) such that W T ≤ X max,S T . Moreover, for eachS ∈ S, we also know that X max,S t − W t is a supermartingale under P since each X max,S is a P-supermartingale. It
, we can deduce that all conditions of acceptable portfolio are satisfied.
Example 2.2. In the case when S itself is a strictly positive semimartingale and the proportional transaction cost λ ij = λ ∈ (0, 1) is a fixed constant for all 0 ≤ i ≤ d and 1 ≤ j ≤ d. It is well known that for eachS ∈ S s , we have
Therefore, we obtain that for any constant
which is equivalent to
For each fixedS ∈ S s , we can choose X max,S ∈ X (S, a) such that X max,S T ≥ a+ T 0 k1dS u . We know that a + t 0 k1dS u is a local martingale, hence supermartingale, under all Q ∈ M s (S). Meanwhile, by Theorem 5.7 of [7] , for any X max,S ∈ X (S, a) there exists some Q * ∈ M s (S) such that X max,S is a UI martingale under Q * . Thus, it follows that
. It follows that for eachS ∈ S s , there exists a X max,S ∈ X (S, a) such that
So, in this market, if we require the self-financing portfolio V to satisfy the conditions:
T ]-valued stopping time τ and for all SCPS Z ∈ Z s . By the argument above, V is verified to be an acceptable portfolio.
We now proceed to show a type of super-hedging theorem for some workable contingent claims using the acceptable portfolios and the given random endowment. Assumption 2.3. For any q ∈ R N such that q = 0, the random variable q · E T is not replicable in the market under SCPS.
Define the set of acceptable portfolio processes with initial wealth x ∈ R 1+d whose terminal value dominates the payoff (−q · E T ,0) by
where we define the effective domain
Define the abstract set
We first have the following budget constraint inequality
Proof. By the definition of set C(x, q), for any g ∈ C(x, q), there exists a V ∈ X (x, q) such that
By Remark 2.1, it is enough to prove that for each fixedS ∈ S s , we have
The definition of acceptable portfolio implies that there exists a > 0 and for each fixedS ∈ S s , there exists a maximal element X max,S ∈ X (S, a) such that
for all [0, T ]-valued stopping time τ . And for this choice of X max,S , we can rewrite
(2.17) By Theorem 5.2 of [6] , for each fixed semimartingaleS ∈ S s , the set
is nonempty and dense in M s (S) with respect to the norm topology of L 1 (Ω, F, P). Therefore, we can first prove the inequality (2.15) for all Q ∈ M ′ (S) instead of Q ∈ M s (S). By (2.17) and the fact that X max,S is a UI martingale under Q ∈ M ′ (S), we just need to prove
However, we have that V is a self-financing portfolio. Lemma 2.8 of [3] implies that V, Z is a local supermartingale for all Z ∈ Z s , and hence we get
, we obtain that
is also a local supermartingale under Q ∈ M ′ (S). Moreover, by (2.16),
is a true supermartingale under Q ∈ M ′ (S) and (2.19) holds true.
The density property of M ′ (S) in M(S) in the norm topology of L 1 implies that there exists a sequence of Q n ∈ M ′ (S) such that by (2.19), we have
Choose ζ max 1≤i≤N |q i |, clearly for any m > 0, we have
Assumption 2.2 guarantees that for any q · E T ≥ 0 a.s. under P, which implies q · E T ≥ 0 a.s. under Q ∈ M s , we can obtain that
By (2.20) and Lemma A.1 in the Appendix, using Monotone Convergence Theorem, we can deduce that
Therefore, it follows that (2.15) holds for any Q ∈ M s (S). And sinceS ∈ S s is arbitrary, (2.14) is verified and therefore (2.13) holds true.
Remark 2.4. In [13] without transaction costs, the authors only make the assumption of superhedging property of the random endowment, i.e., sup Q∈M E[|E i T |] < ∞ for all 1 ≤ i ≤ N . Due to the special property of stochastic integrals, they can prove the inequality similar to (2.2) with the subset M ′ of all equivalent local martingale measures M, which depends on the random endowment E T , see Lemma 4 in [13] . Moreover, the subset M ′ is enough for them to build the bipolar results for conjugate duality.
In the markets with transaction costs, the definition of acceptable portfolios is more delicate. We can similarly define a subsetM s (S) using the given random endowment such that eachX max,S defined in Lemma 2.1 is a true martingale under Q ∈M s (S). However, this set is no longer appropriate for our model since each acceptable portfolio needs some different lower bound X max,S for all [0, T ]-stopping time τ , and X max,S is not necessary a martingale underM s (S).
To deal with this issue, we need to avoid the subset trick as in [13] and prove the super-hedging result using the whole set Z s . To this end, we have to make the Assumption 2.2 which is stronger than the conventional super-hedging requirement that sup
Given a SCPS Z ∈ Z s , define the random variable
Lemma 3.1 of [3] asserts that P[ǫ > 0] = 1. Moreover, define the random variable α depending on Z by α(Z) ǫ inf t∈[0,T ] |Z t | 1+d , it follows that α is a strictly positive random variable. We shall make the following assumption on the SCPS: Assumption 2.4. There exists at least oneS * ∈ S s such that
Fix a constantâ > 0, and denote V acpt 0,â the set of all acceptable portfolios V such that V 0 = 0 and for eachS, there exists aX max,S ∈ X (â,S) with
The following lemma asserts that the total variation of the element in V acpt 0,â remains bounded in probability.
Lemma 2.3. Suppose that Assumption 2.1 and 2.4 hold. There exists a probability measure Q ∼ P and a constant C > 0 such that forâ > 0 and all V ∈ V acpt 0,â , Pick and fix any Z ∈ Z s (S * ) such that Q ∈ M ′ (S * ) with dQ dP = Z 0 T . Similar to the proof of Lemma 2.2, V, Z is a true supermartingale since V, Z is a local supermartingale by Lemma 3.1 of [3] and it is bounded below by the martingale (X max,S * ,0), Z . Following the proof of Lemma 3.2 of [3] and that existence ofX max,S * such that C , and the conclusion holds since both α * andâ are independent of V .
} as the set of all contingent claims attainable with initial position x ∈ R 1+d . We will modify the closedness under Fatou convergence to fit into our framework in the following way: Definition 2.4. The set A x is said to be relatively Fatou closed if for any fixedâ > 0 and for eachS ∈ S s , we choose and fix one maximal elementX max,S ∈ X (S,â). If any sequence
for allS ∈ S s converges almost surely to a F T -measurable random variable V T , we have that V T ∈ A x holds. . Therefore, we will only prove that A 0 is relatively Fatou closed.
Givenâ > 0 and for eachS ∈ S s , choose and fix a maximal elementX max,S ∈ X (S,â). Let V n be a sequence in V acpt 0
T converges a.s. to some F T measurable random variable X ∈ L 0 (R 1+d ). According to Lemma 2.3 and Proposition 3.4 of [3] , there exists a sequence of convex combinations of V n still denoted by V n which converges to some finite variation, predictable process V pointwise. Hence we immediately get V T = X and
It is easy to check that condition (2.7) holds and hence V is a self-financing portfolio process. It is enough to prove that it is an acceptable portfolio process. For eachS ∈ S s , we consider anyẐ ∈ Z s (S) and the maximal elementX max,S , for any t ∈ [0, T ], we have
where we haveẐ 0
Now, for the sameS ∈ S s and consider the maximal element X max,S,n in the definition of each acceptable portfolio V n as the lower bounded, define the set
X max,S,n is an UI martingale under Q}.
It follows that there exists a sequence of Q m ∈ M ′ (S, n) converging toQ as m → ∞ in the norm topology of L 1 under P. By passing to the subsequence if necessary, we deduce that Z 0,m t
. Therefore, for any t ∈ [0, T ], the following holds:
On the other hand, for each fixed Q ∈ M ′ (S, n), similar to the proof of Lemma 2.3, we obtain that (V 0,n t
is a true supermartingale. Also, we have the stochastic integralX max,S is a supermartingale under Q m , henceX max,S Z 0,m is another supermartingale. It follows that for any [0, T ]-valued stopping time τ ,
We know that
P-a.s., and therefore by Fatou's Lemma, we get
Since we also have V n converges to V pointwise, again by V n T + (X max,S T ,0) ∈ L 0 (K T ) and Fatou's Lemma, we obtain that
Therefore, we can see that
which is equivalent to V τ + (X max,S τ ,0),Ẑ τ ≥ 0, P-a.s. for all [0, T ]-valued stopping time τ and anyẐ ∈ Z s (S). In conclusion, we proved that the limit process V is an acceptable portfolio with the constantâ > 0 andX max,S ∈ X (S,â) by the definition and hence A 0 is relatively Fatou closed.
where L ∞ r (R 1+d , F T ) is the set of all R 1+d -valued and F T -measurable random vectors Y ∈ L ∞ such that there exists a > 0 and for eachS there exists X max,S ∈ X (S, a) with Y +(X
Proof. For any constant κ > 0, notice that for each ξ ∈ {ξ : ξ ∞ ≤ κ}, we can always find constant a = k + 1 and for eachS ∈ S s , we choose X max,S t ≡ a ∈ X (S, a) for all t ∈ [0, T ] so that
. Therefore, a bounded sequence convergent a.s. is also relatively Fatou convergent. Lemma 2.4 states that A x is relatively Fatou closed, and thus an intersection of A ∞ x with ball {ξ : ξ ∞ ≤ κ} is closed in probability for every κ > 0. By the classical result, see Proposition 5.5.1 of [16] , A ∞ x is weak * closed (i.e., closed in σ(L ∞ , L 1 )). Following the same argument of Theorem 5.5.3 of [16] , we obtain that (2.28) holds true. Lemma 2.6. Suppose that Assumption 2.1 and 2.4 hold. Let g be an R 1+d -valued, F T -measurable random vector such that there exists a constant a > 0 and for eachS ∈ S s , there exists a maximal element X max,S ∈ X (S, a) such that g + (X
29)
Proof. We have proved that A x is relatively Fatou closed, and we now show that A ∞ x is relatively Fatou-dense in A x . To this end, consider any V T ∈ A x with the constantâ > 0 andX max,S ∈ X (S, a) for allS ∈ S. We show that there exists a sequence
s.. Fix V T and similar to Theorem 4.1 of [3] , we can define the sequence of V n T by
for allS ∈ S s . To see this, for eachS ∈ S s , we observe that
As A ∞ x is relatively Fatou dense in A x . We can try to characterize the element in A x using (2.28). For any Y ∈ A x , we can find a constant a > 0 and for eachS there exists X max,S ∈ X (S, a)
and Y n converges to Y a.s.. Therefore, by Fatou's lemma, we obtain that
The second expectation on the right hand side is well defined since X max,S T ≥ 0 a.s.. On the other
It follows from the above argument that we can rewrite
there exists a > 0 and for eachS ∈ S s , there exists X max,S ∈ X (S, a)
Assume that X / ∈ A x . According to (2.31), for any a > 0 and X max,S ∈ X (S, a), there exists
In particular, we can consider X max,S t ≡ a for t ∈ [0, T ]. Therefore, (2.32) simplifies to be
We can thus define the process
Mimic the same proof of Theorem 4.1 of [3] we can verify that Z t is a consistent price process. Let Z s be the strictly consistent price process, and for 0 ≤ β < 1 sufficiently small, the process Z β t = βZ s t + Z t is a strictly consistent price process and we will have E[ X, Z β T ] > x, Z 0 . According to (2.29), we must have that g ∈ A x . Therefore there exists a V ∈ V
Remark 2.5. Lemma 2.2 together with Lemma 2.6 provide a type of super-hedging theorem for some workable contingent claims. Without intermediate consumption, we can study the multivariate utility maximization problem on the terminal wealth defined on each asset with unbounded random endowment similar to [1] . Moreover, using the acceptable portfolios, we can possibly perform the sensitivity analysis of marginal utility-based prices with respect to a small number of random endowments, similar to [17] , however under proportional transaction costs. Some potential extensions in these directions are scheduled as future research projects.
Market Model With Consumption And Addictive Habit Formation
3.1. Set Up. In this section, we adopt the financial market model with proportional transaction costs and unbounded random endowment as in Section 2. In addition, we start to assume that the agent will also choose an intermediate consumption from the cash account S 0 during the investment horizon, and we denote the consumption rate process by c t . To simplify the notation, starting from t = 0, we assume the investor holds initial wealth V 0 = (x,0) with x ∈ R, i.e., the initial position in the cash account is x ∈ R and 0 in all stocks.
Definition 3.1. Given Assumption 2.1, 2.2 and 2.3 and let (x,0, q) ∈ K, the consumption process c is called (x, q·E)-financeable if there exists an self-financing and acceptable portfolio V ∈ H(x, q), defined in (2.10), such that V 0 = (x,0) and
Denote the set of all (x, q · E T )-financeable consumption process by C x,q·E T . If (x,0, q) ∈ K which is defined in (2.11). The process c ∈ C x,q·E T if and only if
Proof. If c ∈ C x,q·E T , there exists an acceptable portfolio V ∈ H(x, q) such that
And for each Z ∈ Z s , E (
By integration by parts and choosing the localization sequence, it follows that
Following the proof of Lemma 2.2, we can see that 4) and therefore (3.1) holds.
On the other hand, Assume that the process c ≥ 0 satisfies (3.1). Define g (
. By Lemma 2.1, there exists a constantâ > 0 and for eachS, there existsX max,S ∈ X (S,â) such
Lemma 2.6 asserts the existence of an acceptable portfolio with V 0 = (x,0) such that
. Therefore, we conclude that c ∈ C x,q·E T .
In the present paper, we are interested in the time non-separable preference on consumption which takes into account the path-dependence feature of the consumption behavior. To this end, we consider the consumption habit formation process F (c) t given by the exponentially weighted average of agent's past consumption integral and the initial habit
where the constant z ≥ 0 is called the initial habit. In this paper, we are interested in the general case when discounting factors α t and δ t are stochastic processes which are allowed to be unbounded. However, for the concern of integrability, we assume that
Throughout this paper, we make the conventional assumption that the consumption habit is addictive, i.e., c t ≥ F (c) t , ∀t ∈ [0, T ], which is to say that the investor's current consumption rate shall never fall below the standard of living process.
The individual investor's preference is represented by a utility function U : [0, T ] × (0, ∞) → R, such that, for every x > 0, U (·, x) is continuous on [0, T ], and for every t ∈ [0, T ], the function U (t, ·) is strictly concave, strictly increasing, continuously differentiable and satisfies the Inada conditions:
where
we extend the definition of the utility function by U (t, x) = −∞ for all x < 0, which is equivalent to the addictive habit formation constraint c t ≥ F (c) t . The convex conjugate of the utility function, is defined by
Following [24] , we make assumptions on the asymptotic behavior of U at both x = 0 and x = ∞ for future purposes:
The utility function U satisfies the Reasonable Asymptotic Elasticity condition both at x = ∞ and x = 0, i.e.,
and
Moreover, in order to get some inequalities uniformly in time t, we shall assume
and lim
As in [24] , we denote O as σ-algebra of optional sets relative to the filtration (F t ) t∈[0,T ] , and let dP = dt × dP be the measure on the product space (Ω × [0, T ], O) defined as
for short) the set of all random variables on the product space with respect to the optional σ-algebra O endowed with the topology of convergence in measureP. And from now on, we shall identify the optional stochastic process (
At this point, for any (x,0, q) ∈ K and any z ≥ 0, we can define the set of all (x, q·E T )-financeable consumption processes with habit formation constraint as a set of random variables on the product space by
However, the family A(x, q, z) may be empty for some values (x,0, q) ∈ K and z ≥ 0 in virtue of the constraint. We shall restrict ourselves to the effective domainH which is defined as the union of the interior of the set such that A(x, q, z) is not empty and the boundary {(x, q, z) ∈ R N +2 : (x,0, q) ∈ K and z = 0}:
From the definition,L includes the special case of zero initial habit, i.e., z = 0.
It is important to impose the following additional conditions on the discounting factors α t and δ t , which are essential for the well-posedness of the primal utility optimization problem:
We assume that nonnegative optional processes α t and δ t satisfy
(iii) There exists a constantx > 0 such that
Remark 3.1. If stochastic discounting processes α t and δ t are assumed to be bounded, conditions (3.14) and (3.15) will be satisfied. Condition (3.14) is the well-known super-hedging property of the random variable The following Lemma gives an explicit characterization of the domainL.
Lemma 3.1. Under Assumption 2.1, 2.2 and 2.4 and the condition (3.14), the effective domainL can be rewritten as
Proof. We first show that for all (x,0, q) ∈ K and z > 0,
if and only if A(x, q, z) = ∅.
On one hand, choose (x,0, q) ∈ K and z > 0 such that A(x, q, z) = ∅, there exists c ∈ L 0 + with c t ≥ F (c) t for t ∈ [0, T ] and
We claim that this choice c t ≥c t for t ∈ [0, T ] wherec t ≡ F (c) t is the subsistent consumption process which equals its habit formation process all the time. To see this, by the definition of F (c) t and the constraint c t ≥ F (c) t , it follows that
Also, we always have 19) from which, we can solve thatc t = ze
By subtraction, it follows that
Hence, we deduce that c t ≥c t = ze t 0
(δv −αv)dv for t ∈ [0, T ], and by Lemma 3.1, we arrive at (3.17).
On the other hand, if (x,0, q) ∈ K and z > 0 such that (3.17) holds, we can always construct c t ≡c t = ze t 0 (δv −αv)dv such that c t ≡ F (c) t holds and by the definition of A(x, q, z) and Lemma 3.1, we get c ∈ A(x, q, z) and hence A(x, q, z) = ∅.
So far, we proved that
It is enough to show that when z = 0, we have the equivalence clB 1 = B 2 = B 3 , where we define
For the first equality, it is trivial that B 2 ⊆ clB 1 . We just need to show that clB 1 ⊆ B 2 . Choose (x, q) ∈ clB 1 and let (x n , q n ) n≥1 be a sequence in B 1 that converges to (x, q). The assertion of the lemma will follow if we show that H((x,0), q) = ∅. Fix V n ∈ H((x n ,0), q n ), n ≥ 1, by Lemma 2.2, we have
Since x n converges to x and q n converges to q, there exists a constant M 1 > 0 and M 2 > 0 such that for n large enough, we have x n < M 1 and q n < M 2 . It follows that when n is large, we have
Lemma 2.1 asserts that there exits a constantâ > 0 and for eachS, there existsX max,S ∈ X (S,â) such that
for n large enough. We can then apply Lemma 2.3 and Proposition 3.4 of [3] , passing if necessary to convex combinations, and assume that V n converges to a finite variation, predictable process V pointwise. In particular, we obtain that
T | where ζ = max 1≤i≤N |q i |, by Lemma 2.1 again, there exists a constant a > 0 and for eachS ∈ S s , there
for all Z ∈ Z s . It follows that
By Lemma 2.6, there exits an acceptable portfolioV withV 0 = (
To show B 2 ⊆ B 3 , pick (x, q) ∈ B 2 , there exists V ∈ H((x,0), q). By Lemma 2.2, we get
which completes the proof.
On the other hand, if (x, q) ∈ B 3 , define the F T -random variable g −q · E T ≥ −ζ N i=1 |E i T |, where ζ = max 1≤i≤N |q i |. Under Assumption 2.2, by Lemma 2.1, there exists a constant a > 0 and for eachS, there exits X max,S such that g + X max,S ∈ L 0 (K T ). Moreover, we have
Lemma 2.6 guarantees the existence of an acceptable portfolioV withV 0 = (
By choosing (x, q, z) ∈L, we can now define the preliminary version of our Primal Utility Maximization Problem by u(x, q, z) sup
3.2. Path Dependence Reduction. To deal with the path-dependence structure in the optimization problem, we will follow the trick in [24] and define the auxiliary processc t = c t − F (c) t .
Denote the set of all auxiliary processes bȳ
The following lemma follows directly by its definition:
For each fixed (x, q, z) ∈L, there is one to one correspondence between sets A(x, q, z) andĀ(x, q, z), and for all (x, q, z) ∈L, we haveĀ(x, q, z) = ∅.
Consider now each strictly consistent price system Z ∈ Z s , we define the auxiliary optional process 25) and define the set of all these auxiliary optional processes by
Since stochastic discounting processes δ t and α t are assumed to be unbounded in general, under condition (3.14), the auxiliary dual process Γ is well defined, however, it is not necessarily integrable.
The following equivalent characterization of setĀ(x, q, z) is crucial to reduce the path dependence feature and embed our problem into an auxiliary abstract optimization problem on the product space.
Lemma 3.3. For (x, q, z) ∈L, we can rewriteĀ(x, q, z) as 
Following the similar computations in (3.28), we can deduce that
Moreover, we need to notice that Z 0 T = Γ T by definition, and hence
, which completes the proof.
In order to build the conjugate duality, we need to enlarge the effective domainL to a natural domain otherwise the constraint on the domain will affect the definition of the correct dual problem. We enlarge the primal working spaceĀ(x, q, z) to the following abstract space
30) where now (x, q, z) ∈ R N +2 and we need to consider the enlarged domain L
We can show that set L is indeed the enlargement of the effective domainL by the following lemma.
Lemma 3.4. We can characterize the set L equivalently by
Proof. It is enough to show that for any (x, q, z) ∈ R N +2 , we have A(x, q, z) = ∅ if and only if
holds for all Z ∈ Z s .
If A(x, q, z) = ∅, by definition, there existsĉ ∈ L 0 + such that for any Z ∈ Z s and hence any Γ ∈ M, From the definition ofĀ(x, q, z) for (x, q, z) ∈L and A(x, q, z) for (x, q, z) ∈ L, by Lemma 3.1 and 3.4, it is easy to see thatL ⊂ L. And if we restrict (x, q, z) ∈L ⊂ L, the following equivalence holdsĀ (x, q, z) = A(x, q, z), (3.35) and equivalence between value functions follows u(x, q, z) =ũ(x, q, z). Moreover, c * t is the optimal solution for u(x, q, z) if and only ifc * t = c * t − F (c * ) t is the optimal solution forũ(x, q, z). Therefore, we embedded our path-dependent utility maximization problem (3.23) into the auxiliary abstract utility maximization problem (3.34) without habit formation, however with additional shadow random endowmentw.
The Dual Problem and Main Results
Similar to [13] and [24] , we first introduce the set R R ri (y, r) ∈ R N +2 : xy + (−z, q) · r ≥ 0 for all (x, q, z) ∈ L , Proof. Define the set P ′ {p ∈ R N +1 : M(p) = ∅}. It reduces to verify that P = P ′ .
Similar to the proof of Lemma 8 of [13] , it is easy to show the direction P ⊆ P ′ .
For the other direction, let p ∈ P ′ , (x, q, z) ∈ clL and Γ ∈ M(p). We claim the existence of c ∈ A(x, q, z) such thatP[c > 0] > 0. It then follows that
Since (x, q, z) is chosen arbitrarily from clL, we obtain that p ∈ P.
We now proceed to show that the claim holds. Choose any (x, q, z) ∈ clL and denote the random variable Φ −z The existence of a strictly positive random variable ρ ∈ A(x, q, z) is a consequence of the definition of A(x, q, z).
Suppose (4.11) holds form somec ∈ L 0 + . By Lemma 4.2, we have Γ ∈ M(p) ⊂ Y(1, p) for all p ∈ P. Therefore, (4.10) holds, and by Lemma 4.3, we obtain thatc ∈ A(x, q, z). Conversely, assume thatc ∈ A(x, q, z), the inequality (4.11) follows by the definition of Y(y, r), (y, r) ∈ R.
For the proof of the assertion (ii), since k Y(y, r) = Y(ky, kr) for all k > 0 and (y, r) ∈ R. It is therefore sufficient to consider the case (y, r) = (1, p) for some p ∈ P. The existence of a strictly positive Z ∈ Z s (p) implies the existence of a strictly positive Γ ∈ M(p). Lemma 4.2 again deduces that Γ ∈ Y(1, p) for p ∈ P.
The second part follows directly from the definition of Y(y, r). Appendix A. Exchange of double limits Lemma A.1 (Moore-Osgood Theorem). Given a n,k in R and A n and B k in R for all n and k. And if lim n→∞ a n,k = B k , uniformly in k, and for each n, we have lim k→∞ a n,k = A n .
The the double limit exists and lim n→∞ lim k→∞ a n,k = lim k→∞ lim n→∞ a n,k .
